Let X and Y be two real Hilbert spaces with the dimension of X greater than 1. Several cases about the Aleksandrov᎐Rassias problem for T : X ª Y preserving two or three distances are presented and geometric interpretations of these cases are also given. ᮊ
INTRODUCTION
Given two metric spaces X and Y and a mapping T : X ª Y, what do we really need to know about T in order to be sure that T is an isometry? Consider the following situation. For some fixed number r ) 0 suppose Ž . that T preserves distance r; i.e., for all x, y in X with d x, y s r, we 
. The basic problem of conservative distances is whether the existence of a single conser¨ati¨e distance for some T implies that T is an isometry of X into Y.
It is also called the Aleksandrov problem, since it was w x formulated for the case X s Y by Aleksandrov 1 . When X and Y are normed vector spaces, we may assume without loss of generality that the Ž w x. number r s 1 see 11 . w x The Aleksandrov problem has been extensively studied by 3᎐15 . The Aleksandrov problem has been solved for finite-dimensional real Eu- Such a mapping T preserves distance 1, but is not an isometry. If 2 F n -ϱ, T : ᑬ n ª ᑬ n must be an isometry due to a theorem of w x Beckman and Quarles 3 , and must be a linear isometry up to translation w x ϱ due to Baker 2 . For X s Y s ᑬ , an example of a unit distance preserving mapping that is not an isometry has been given by Beckman and w x w x w x Quarles 3 and Rassias 8 . Furthermore, Rassias 9 has also proved the following result: 
Then T is a linear isometry up to translation.
It is easy to verify by the triangle inequality that the conditions in Theorem 2 are equivalent to that T preserves the two distances and for some integer greater than 1.
If T preserves two distances with a noninteger ratio, and X and Y are real normed vector spaces such that Y is strictly convex and dim X G 2, it Ž w x. is an open problem whether or not T must be an isometry see 10 .
In this paper, we will discuss several cases that T : X ª Y preserves two or three distances with a noninteger ratio, and X and Y are real Hilbert Ž . spaces. Ambiguously, we denote by и, и the inner products in both X and Y. 
Ž .
Proof. i We will prove that if p , p , p , p in X form a rhombus of
s z, z y 2 z, x y 2 z, y q x, x q 2 x, y q y, y s 0.
Ž .5 rhombus of unit side with T p y T p s 3 , T p y T p s 1. Ž . 
Ž ..5 T p s 2. Hence T preserves distance 2. By Theorem 2, T is a linear isometry up to translation. Note 1. In Theorem 2.1, the condition on X cannot be relaxed. For
It is easy to verify ' that T preserves distances 1 and 3 . But T is not an isometry.
Note 2. Let X and Y be real Hilbert spaces with dim X G 2. Suppose T : X ª Y, and X, Y are two real Hilbert spaces with dim X G 2. In general, for any three points p , p , p in X that form an equilateral 1 2 3 triangle of unit side length, if Tp , Tp , Tp also form an equilateral 1 2 3 triangle with the same size T need not be an isometry. If T satisfies the condition that for any three points p , p , p in X that form a triangle also the points Tp , Tp , Tp 
ii For case n G 2
Ž . y T p . Since T preserves the unit distance, we have ii.2 Suppose that T preserves the two distances 1 and n 3 for Ž . 
'
Since Y is an Hilbert space and T preserves distance n 3 , then
Hence distance 3 is also preserved by T. By Theorem 2.1, T is a linear isometry up to translation.
A generalized form of Theorem 2.1 is given as follows THEOREM 2.3. Let X and Y be real Hilbert spaces with dim X G 2. Proof. In case b s 2 a, by Theorem 2, T is a linear isometry up to translation. 
Ž . Ž . Ž . Ž . For another case that T : X ª Y preserves three distances, the following is true. 
By step i , T p , T p , T p , T p and T p , T p , T p , T q form

Ž .
Proof. i In case a s 0 or a s 2, T is obviously a linear isometry up w x to translation due to Benz and Berens 5 .
ii.1 In case 0 -a -2, first, we will prove that supposing p, q are 
x y y, x y y s x, x y 2 x, y q y, y s a 2 , 
Ž .
ii.2 Second, suppose that T preserves the two distances 1 and 2 ' 5 n 4 y a for some positive integer n G 2. Let p, q g X satisfying p y 4 y a , k s 1, 2, . . . , n y 1, and q y ' '
Since Y is an Hilbert space and T preserves distance n 4 y a , we have
Hence distance 4 y a is also preserved by T. By Theorem 2, T is a linear isometry up to translation. Ž . In Theorem 2.6, we set a s 2 sin 0 F F and let 2 sin s 2 n cos . ' ' Ž . Then we can get tg s n and a s n 4 y a s 2 n n q 1 r n q 1 . So we have COROLLARY 2.7. Let X and Y be real Hilbert spaces with dim X G 2. Moreover, for dim X G 3, the case for T preserving two distances with noninteger ratio is given as follows: THEOREM 2.8. Let X and Y be real Hilbert spaces with dim X G 3.
'
Suppose that T : X ª Y preser¨es the two distances 1 and 2 . Then T is a linear isometry up to translation.
Ž .
Proof. i First, we will prove that if p , p , p , p in X form a square 
By step i , T p T p T p T p , T p T p T q T p ,
